
Transverse structure of the nucleon
Part 4: Advanced topics



The gauge link



Need of a gauge link

ψ(ξ)→ eiα(ξ) ψ(ξ)

U(ξ1, ξ2)→ eiα(ξ1) U(ξ1, ξ2) e−iα(ξ2).

U[a,b] = P exp
[
−ig

∫ b

a
dηµAµ(η)

]

Φij(p, P, S) =
1

(2π)4

∫
d4ξ eip·ξ〈P, S ψ̄̄j(0)U[0,ξ] ψi(ξ) P, S

〉

Φij(p, P, S) =
1

(2π)4

∫
d4ξ eip·ξ〈P, S ψ̄̄j(0)ψi(ξ) P, S

〉



Birth of the gauge link
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Figure 4.2. Examples of graphs contributing to the gauge link.

The formula for the hadronic tensor closely resembles the one we obtained for inclusive DIS, but
now with the unintegrated correlation function, i.e.

2MWµν(q, P, S , Ph) = 2 Tr
(

Φ(xB, pjT , S ) γµ γ+ γν
)

. (4.13)

Let’s take a look at the first diagram of Fig. 4.2 . We could write it as

2MW (a)µν ∝
∫

dp− d4l Tr
(

γα
/k −/l + m

(k − l)2 − m2 + iε γνΦ
α
A(p, p − l)γµ (/k + m)

)

∣

∣

∣

∣

∣

k=p+q

(4.14)

where we introduced

ΦαAi j(p, p − l) =
∫ d4ξ
(2π)4

d4η
(2π)4 e

ip·ξ eil·(η−ξ)〈P, S ψ̄̄i(0) gAα(η)ψ j(ξ) P, S
〉 (4.15)

so that

2MW (a)µν ∝
∫

dp− dl+ d2 lT
∫ d4ξ
(2π)4

dη− d2ηT
(2π)3 eip·ξei l·(η−ξ)

× 〈P, S |ψ(0)γµγ+γα
/k −/l + m

(k − l)2 − m2 + iε γνgA
α(η)ψ(ξ)|P, S 〉

∣

∣

∣

∣

∣

∣

η+=0
,

(4.16)

where Φα
A
is made explicit, the l− integrations is performed. In the expression after the second

equal sign, it is understood that p+ = x P+.
The quark propagator reads explicitly

i /k −/l + m

(k − l)2 − m2 + iε ≈ i
(/k + m) − γ− l+ −/lT

−2 l+ k− − (kT − lT )2 − m2 + iε
. (4.17)

In the eikonal approximation, we took into consideration only the term k−γ+ in the numerator.
Less obvious is the fact that there is another contribution, namely from the /lT term, which turn out
to be present only at l+ = 0. Let’s start first from the first kind of contribution. We approximate
then the propagator with the standard eikonal propagator, see Eq. (3.12)

i /k −/l + m

(k − l)2 − m2 + iε ≈
i
2
γ+

−l+ + iε . (4.18)

2MW (a)
µν ∼ 〈P, S|ψ(0)γµγ+γα

k/− l/ + m

(k − l)2 −m2 + iε
γνgAα(η)ψ(ξ)|P, S〉

∣∣∣∣
η+=0

i
k/− l/ + m

(k − l)2 −m2 + iε
≈ i

k−γ+

−2l+k− + iε
≈ i

2
γ+

−l+ + iε

2MW (a)
µν ∼ 〈P, S|ψ(0) γµγ+ γν (−ig)

∫ ξ−

∞−
dη− A+(η) ψ(ξ)|P, S〉

∣∣∣∣∣
η+=0; ηT =ξT

Ji, Yuan, PLB 543 (02);  Belitsky, Ji, Yuan, NPB656 (03)

2MW (a)
µν ∼ 〈P, S|ψ(0)γµγ+ γ−γ+

2
γν(ig)

A+(η)
−l+ + iε

ψ(ξ)|P, S〉
∣∣∣∣
η+=0



Birth of the gauge link

2MW (a)
µν ∼ 〈P, S|ψ(0) γµγ+ γν (−ig)

∫ ξ−

∞−
dη− A+(η) ψ(ξ)|P, S〉

∣∣∣∣∣
η+=0; ηT =ξT

2MWµν(q, P, S) ≈
∑

q

e2
q

1
2
Tr

[
Φ(xB , S) γ µγ+γν

]
.

ξ−

ξT

Φ(a)(x, S) ∼
〈
P, S ψ̄̄(0) (−ig)

∫ ξ−

∞−
dη− A+(η) ψ(ξ) P, S

〉

k − l k

−k

k − l



Shape of the gauge link

ξ−

ξT

ξ−

ξT

Φ(x, S) ∼
〈
P, S ψ̄̄(0)U[0,∞−] U[∞−,ξ−]ψ(ξ) P, S

〉



Gauge link in Drell-Yan

2MW (a)
µν ∼ 〈P, S|ψ(0)γµγ+γα

k/− l/ + m

(k − l)2 −m2 + iε
γνgAα(η)ψ(ξ)|P, S〉

∣∣∣∣
η+=0

Collins, PLB 536 (02)

2MW (a)
µν ∼ 〈P, S|ψ(0) γµγ+ γν (−ig)

∫ ξ−

−∞−
dη− A+(η) ψ(ξ)|P, S〉

∣∣∣∣∣
η+=0; ηT =ξT

i
k/− l/ + m

(k − l)2 −m2 + iε
≈ i

−(−k)−γ+

2l+(−k)− + iε
≈ i

2
γ+

−l+−iε

k − l k

−k

k − l



Gauge link for TMDs

ξ−

ξT

Φij(x, pT ) =
∫

dξ−d2ξT

8π3
eip·ξ〈P |ψ̄j(0)U[0,ξ]ψi(ξ)|P 〉

∣∣∣∣
ξ+=0

ξ−

ξT

ξ−

ξT

SIDIS

Drell‐Yan

pp to hadrons

U[+]

U[−]

U[!]U[+]

+ several others
Bomhof, Mulders, Pijlman, PLB 596 (04) 



High and low transverse momentum



SIDIS once again

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
!h

!S

Q = photon virtuality
M = hadron mass

Ph⊥ = hadron transverse momentum q2
T ≈ P 2

h⊥/z2



Low and high transverse momentum

Low

q2
T ! Q2

M2 Q2
q2
T

AB, D. Boer, M. Diehl, P.J. Mulders, JHEP 08 (08)



Example of low-transverse momentum result

P hP

k

q

h

k

q

PP

p p

Φ

Δ

FUU,T = C
[
f1D1

]

C
[
wfD

]
=

∑

a

xe2
a

∫
d2pT d2kT δ(2)

(
pT−kT−P h⊥/z

)
w(pT ,kT ) fa(x, p2

T ) Da(z, k2
T ),



Low and high transverse momentum

High

M2 ! q2
T

M2 Q2
q2
T



Example of high-transverse momentum result

FUU,T =
1
Q2

αs
(2πz)2

∑

a

xe2a

∫ 1

x

x̂

x̂

∫ 1

z

ẑ

ẑ
δ

(
q2T
Q2
− (1− x̂)(1− ẑ)

x̂ẑ

)

×
[
fa1

(x
x̂

)
Da1

(z
ẑ

)
C(γ∗q→qg)
UU,T + fa1

(x
x̂

)
Dg1

(z
ẑ

)
C(γ∗q→gq)
UU,T + fg1

(x
x̂

)
Da1

(z
ẑ

)
C(γ∗g→qq̄)
UU,T

]

(a) (c)(a′)

pbpa

q

pbpa pa pb

qq

(b) (c′)(b′)

pb

pa

q

pa

pb

pa

pbqq



Low and high transverse momentum

Low High

q2
T ! Q2 M2 ! q2

T

M2 Q2

Intermediate

q2
T

M2 ! q2
T ! Q2



	 	 	 	   structure function

M2 Q2
q2
T

Must match!

The leading high-qT part is just the “tail” of the leading low-qT part

A

q2
T

FUU,T

FUU,T

Collins, Soper, Sterman, NPB250 (85)



Perturbative corrections to TMDs

fq
1 (x, p2

T ) =
αs

2π2

1
p2

T

[
L(η−1)

2
fq
1 (x)− CF fq

1 (x) +
(
Pqq ⊗ fq

1 + Pqg ⊗ fg
1

)
(x)

]
,

used in addition to the well-known observable 〈〈FLL 〉〉 for disentangling the contributions

from different quark and antiquark flavors and from the gluon.

8. From low to intermediate qT : explicit calculation

In this section we compute the high-transverse-momentum tails of the quark distributions

in (5.44) and of the analogous fragmentation functions. These are the functions which

appear at lowest order in the 1/pT expansion of section 5.3 and are hence expressed in

terms of collinear functions of twist two. While in section 6 we identified observables

whose power behavior agrees in the low- and high-qT calculations, we will then be able

to check for selected structure functions whether agreement is also found for their explicit

expressions.

8.1 High-pT tails of distribution functions

Let us begin with the quark distribution functions. We work in the original scheme of

Collins and Soper [20], using a spacelike axial gauge with the singularities of the gluon

propagator regulated by the principal value prescription. The only Feynman diagrams

to be evaluated are then those depicted in Fig. 5a and b. For a comparison with the

calculation in Feynman gauge, we refer to appendix A.

p p

P

(b)

l

P

(a)

P

l

Φq Φg
µν

Figure 5: Diagrams for the calculation of the leading high-pT behavior of the quark-quark
correlator Φ(x, pT ) in axial gauge A · v = 0.

The contribution of the quark-to-quark term shown in Fig. 5a reads

Φq(x, pT )
∣∣∣
(5a)

=
4παs

(2π)3
CF

∫
dp−

∫
dl+ δ

(
(l − p)2

)
θ(l+ − p+)

× dµν(l − p; v)
p/

p2
γν Φq

2

(x

x̂

)
γµ

p/

p2

∣∣∣∣∣
l−=0, lT =0T

, (8.1)

where it is understood that p+ = xP+ and l+ = p+/x̂. As explained in section 5.3, the

restriction to leading order in 1/pT allows us to set l− and lT to zero when calculating the

hard-scattering subprocess, and to retain only the twist-two part Φq
2(x/x̂) of the collinear

quark-quark correlator at the bottom of the graph. The gluon polarization sum in A ·v = 0

gauge is given by

dµν(q; v) = −gµν +
qµvν + qνvµ

q ·v
−

qµqν

(q ·v)2
v2 , (8.2)

– 49 –

FUU,T =
1
q2T

αs
2π2z2

∑

a

xe2a

[
fa1 (x)Da1(z)L

(
Q2

q2T

)
+ fa1 (x)

(
Da1 ⊗ Pqq +Dg1 ⊗ Pgq

)
(z)

+
(
Pqq ⊗ fa1 + Pqg ⊗ fg1

)
(x)Da1(z)

]

L

(
Q2

q2
T

)
= 2CF ln

Q2

q2
T

− 3CF
where

DGLAP splitting
 functions

Large log, 
needs resummation



Other TMDs

xf⊥ ∼ 1
p2

T

αs F
[
f1

]
,

. . .

f⊥1T ∼
M2

p4
T

αs F
[
f⊥(1)
1T , . . .

]
,

. . .

xf⊥L ∼ 1
p2

T

α2
s F

[
g1

]
,

. . .

h⊥1T ∼
M2

p4
T

α2
s F

[
h1

]
,

. . . AB, D. Boer, M. Diehl, P.J. Mulders, JHEP 08 (08)



Expected mismatch

M2 Q2
q2
T

The leading terms in the two expansions
CANNOT and MUST not match!

Two distinct mechanisms are involved 

B

Q2

A M2

q4
T



Cos 2Φ  asymmetry

0 1 2 3 40 1 2 3 4 q2
T (GeV2)

〈cos 2φh〉
q2
T

Q2

M2

q2
T

Boer-Mulders 
effect

Can be calculated 
with pQCD

Nonperturbative twist-4
 (Cahn twist-4?)

see also Barone, Prokudin, Ma 0804.3024

present pQCD calculations 
cannot be trusted



All structure functions

low-qT calculation high-qT calculation

observable twist order power twist order power powers match

FUU,T 2 αs 1/q2
T 2 αs 1/q2

T yes

FUU,L 4 2 αs 1/Q2

F cos φh

UU 3 αs 1/(QqT ) 2 αs 1/(QqT ) yes

F cos 2φh

UU 2 αs 1/q4
T 2 αs 1/Q2 no

F sin φh

LU 3 α2
s 1/(QqT ) 2 α2

s 1/(QqT ) yes

F sin φh

UL 3 α2
s 1/(QqT )

F sin 2φh

UL 2 αs 1/q4
T

FLL 2 αs 1/q2
T 2 αs 1/q2

T yes

F cos φh

LL 3 αs 1/(QqT ) 2 αs 1/(QqT ) yes

F sin(φh−φS)
UT,T 2 αs 1/q3

T 3 αs 1/q3
T yes

F sin(φh−φS)
UT,L 4 3 αs 1/(Q2 qT )

F sin(φh+φS)
UT 2 αs 1/q3

T 3 αs 1/q3
T yes

F sin(3φh−φS)
UT 2 α2

s 1/q3
T 3 αs 1/(Q2 qT ) no

F sin φS

UT 3 αs 1/(Qq2
T ) 3 αs 1/(Qq2

T ) yes

F sin(2φh−φS)
UT 3 αs 1/(Qq2

T ) 3 αs 1/(Qq2
T ) yes

F cos(φh−φS)
LT 2 αs 1/q3

T

F cos φS

LT 3 αs 1/(Qq2
T )

F cos(2φh−φS)
LT 3 αs 1/(Qq2

T )

Table 2: Behavior of SIDIS structure functions in the intermediate region M ! qT ! Q. Empty
fields indicate that no calculation is available. The specification of twist 4 for FUU,L and F sin(φh−φS)

UT,L

reflects that these observables are zero when calculated at twist-two and twist-three accuracy.

given in (5.56) by Lcos 2φh

UU , and its high-qT approximation (4.26) by Hcos 2φh

UU . Since in the

intermediate region the two expressions describe distinct contributions to the cross section,

one may consider to use

F cos 2φh

UU ≈ Lcos 2φh

UU + Hcos 2φh

UU (6.17)

as an approximation for this observable. The quality of this approximation can be assessed

from the power behavior of its terms in the different regions:

Lcos 2φh

UU ∼ q2
T/M4 for qT <∼M , (6.18)

Lcos 2φh

UU ∼ M2/q4
T for qT $ M , (6.19)

Hcos 2φh

UU ∼ 1/Q2 for all qT , (6.20)

where the behavior in (6.18) reflects that Lcos 2φh

UU must vanish like q2
T for qT → 0 due to

angular momentum conservation [39]. In the intermediate region M ! qT ! Q both terms

– 41 –

?

?

conjectures!

AB, D. Boer, M. Diehl, P.J. Mulders, JHEP 08 (08)



Evolution equations



Collinear evolution of transversity

Barone, Drago, Ratcliffe, PR 359 (2002) 

Hayashigaki, Kanazawa, Koike, PRD56 (97)



TMDs evolution

Collins, Soper, Sterman, talk at Fermilab 
Workshop on Drell-Yan Process, Batavia, Ill., 

Oct 7-8, 1982 

Evolution equations for TMDs are 

NOT standard DGLAP



Perturbative corrections to TMDs

fq
1 (x, p2

T ) =
αs

2π2

1
p2

T

[
L(η−1)

2
fq
1 (x)− CF fq

1 (x) +
(
Pqq ⊗ fq

1 + Pqg ⊗ fg
1

)
(x)

]
,

used in addition to the well-known observable 〈〈FLL 〉〉 for disentangling the contributions

from different quark and antiquark flavors and from the gluon.

8. From low to intermediate qT : explicit calculation

In this section we compute the high-transverse-momentum tails of the quark distributions

in (5.44) and of the analogous fragmentation functions. These are the functions which

appear at lowest order in the 1/pT expansion of section 5.3 and are hence expressed in

terms of collinear functions of twist two. While in section 6 we identified observables

whose power behavior agrees in the low- and high-qT calculations, we will then be able

to check for selected structure functions whether agreement is also found for their explicit

expressions.

8.1 High-pT tails of distribution functions

Let us begin with the quark distribution functions. We work in the original scheme of

Collins and Soper [20], using a spacelike axial gauge with the singularities of the gluon

propagator regulated by the principal value prescription. The only Feynman diagrams

to be evaluated are then those depicted in Fig. 5a and b. For a comparison with the

calculation in Feynman gauge, we refer to appendix A.

p p

P

(b)

l

P

(a)

P

l

Φq Φg
µν

Figure 5: Diagrams for the calculation of the leading high-pT behavior of the quark-quark
correlator Φ(x, pT ) in axial gauge A · v = 0.

The contribution of the quark-to-quark term shown in Fig. 5a reads

Φq(x, pT )
∣∣∣
(5a)

=
4παs

(2π)3
CF

∫
dp−

∫
dl+ δ

(
(l − p)2

)
θ(l+ − p+)

× dµν(l − p; v)
p/

p2
γν Φq

2

(x

x̂

)
γµ

p/

p2

∣∣∣∣∣
l−=0, lT =0T

, (8.1)

where it is understood that p+ = xP+ and l+ = p+/x̂. As explained in section 5.3, the

restriction to leading order in 1/pT allows us to set l− and lT to zero when calculating the

hard-scattering subprocess, and to retain only the twist-two part Φq
2(x/x̂) of the collinear

quark-quark correlator at the bottom of the graph. The gluon polarization sum in A ·v = 0

gauge is given by

dµν(q; v) = −gµν +
qµvν + qνvµ

q ·v
−

qµqν

(q ·v)2
v2 , (8.2)

– 49 –

FUU,T =
1
q2T

αs
2π2z2

∑

a

xe2a

[
fa1 (x)Da1(z)L

(
Q2

q2T

)
+ fa1 (x)

(
Da1 ⊗ Pqq +Dg1 ⊗ Pgq

)
(z)

+
(
Pqq ⊗ fa1 + Pqg ⊗ fg1

)
(x)Da1(z)

]

L

(
Q2

q2
T

)
= 2CF ln

Q2

q2
T

− 3CF
where

DGLAP splitting
 functions

Large log, 
needs resummation



Resummation results

collinear PDF and FF calculable with pQCD nonperturbative 
part of TMDs

High 
(fixed-order pQCD)

Intermediate
 (resummation)

Low 
(nonpert.)

FUU,T (x, z, b, Q2) = x
∑

a

e2
a

[
(f i

1 ⊗ Cia) (Caj ⊗Dj
1) e−Se−SNP

]

FUU,T (x, z, q2
T , Q2) = x

∑

a

e2
a

d

dq2
T

[
(f i

1 ⊗ Cia) (Caj ⊗Dj
1) e−S

(
1− e−SNP

)]



Example of resummation effects

dσ

dq2
T

qT

Q = 5GeV

Q = 10GeV

Gaussian only

√
s = 50GeV

Gaussian +
resumma8on



Leading-log formula

Ellis, Veseli, NPB 511 (98)

S(q2
T , Q2) = −

∫ Q2

q2
T

dµ2

µ2

αS(µ2)
2π

2CF log
Q2

µ2

FUU,T (x, z, q2
T , Q2) = x

∑

a

e2
a

d

dq2
T

[
fa
1 (x; [q2

T ])Da
1(z; [q2

T ]) e−S
(
1− e−SNP

)]

αs(µ2) =
4π

β0 log(µ2/Λ2)



Nonperturbative part

SNP = − q2
T

〈q2
T 〉

1
〈q2

T 〉
= 0.20 + 0.95 log

(
Q

3.2

)
+ 1.56 log

( √
s

19.4

)

Kulesza, Stirling, JHEP  12 (03)
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Leading-log evolution

0.0 0.5 1.0 1.5 2.0 2.5 3.00.0

0.1

0.2

0.3

0.4

dΣ
dqT2

Q2"10 GeV2

Q2"100 GeV2



Evolution of Sivers function

fNS
1 (x, p2

T ) =
αs

2π2

1
p2

T

[(
L(η−1)

2
− CF

)
fNS
1 (x) +

(
Pqq ⊗ fNS

1

)]

p2
T

2M2
f⊥NS
1T (x, p2

T ) =
αs

2π2

M

p2
T

[(
L(η−1)

2
− CF

)
f⊥(1)NS
1T (x) + . . .

]

FUU,T =
1
q2
T

αs

2π2z2

∑

a

xe2
a

[
fa
1 (x) Da

1(z) L

(
Q2

q2
T

)
+ . . .

]

qT

M
F sin(φh−φs)

UT,T =
1
q2
T

αs

2π2z2

∑

a

xe2
a

[
−f⊥(1)a

1T (x) Da
1(z) L

(
Q2

q2
T

)
+ . . .

]?



Collins asymmetry, b space analysis

27

It is important to note that the factor 1/R4 stems from the Gaussian width of the functions H⊥
1 (z, k2

T ) to be
used in this expression. Therefore, it is not dependent on the scale Q as discussed above already.

Putting everything together Eq. (155) can be transformed into

A(QT ) =

∑

a Ka
3 (y)H⊥a

1 (z1) H⊥a
1 (z2)

4M4R4
∑

b Kb
1(y)Db

1(z1) Db
1(z2)

A(QT ) =

∑

a Ka
3 (y) H⊥(1)a

1 (z1) H⊥(1)a
1 (z2)

∑

b Kb
1(y) Db

1(z1) Db
1(z2)

A(QT ), (162)

where

A(QT ) ≡ M2

∫ ∞
0 db b3 J2(bQT ) Ũ(b∗; Q0, αs(Q0)) exp (−S(b∗, Q, Q0)−SNP (b, Q/Q0))
∫ ∞
0 db b J0(bQT ) Ũ(b∗; Q0, αs(Q0)) exp (−S(b∗, Q, Q0)−SNP (b, Q/Q0))

. (163)

We will employ this expression in combination with Eqs. (143), (144) and (149), dropping the finite terms Fi, but
including the one-loop running of αs. As the replacement of Eq. (150) turns out to have only a minor effect in
this expression, in contrast to the DLLA expression, it will not be included.

In Fig. 5 the asymmetry factor A(QT ) is given at the scales Q = 10 GeV and Q = 90 GeV, in order to compare
the results for the BELLE and LEP1 scales. The solid curves are obtained with the method explained here,

0

0.5

1

1.5

2

0 1 2 3 4 5

A

QT [GeV]

Q=10 GeV

Q=90 GeV

FIG. 5: The asymmetry factor A(QT ) (in units of M2) at Q = 10 GeV and Q = 90 GeV. The solid curves are obtained
with the method explained in the text; the dashed-dotted curves are from the earlier analysis of Ref. [64].

whereas the dashed-dotted curves are the results obtained from the analysis of Ref. [64], where µ = 1/b was
employed and the scale dependence of the fragmentation functions was ignored. One observes a reduction w.r.t.
earlier results, but the large Sudakov suppression with increasing Q remains equally strong, i.e. approximately
1/Q. The DLLA result (not displayed) decreases more slowly, but as said it becomes a worse approximation as
Q2 increases.

The cos 2φ asymmetry has been studied using DELPHI data (
√

s = MZ) and the magnitude was found to be
small [7]. This may have several reasons, one of which could be the Sudakov suppression discussed here. In that
case a small result at LEP1 energy does not imply that also at BELLE the asymmetry has to be small. In Ref.
[80] a comparison is made of the Collins functions extracted from the DELPHI and BELLE data (here it should
be emphasized that the DELPHI data analysis remains preliminary and does not consider possible systematic
effects). At higher Q2 the extraction of the Collins function from a tree level expression becomes less accurate,
as we will discuss in the next subsection. Therefore, it would be interesting to also compare the asymmetries
directly (rather than the extracted Collins functions). This could serve as a check of the Q2 dependence of the
asymmetry as a whole and thus of the CS formalism.

Of course, one also wants to compare to Collins effect asymmetries in SIDIS at lower energies (e.g. for HERMES
〈Q2〉 = 2.41 GeV2). The question is what to do at smaller values of Q2? The logarithms that are resummed in
the CS formalism are not that large to begin with and neither is the relevant b-range (set by Q0 and Q). In this
case one can set Q0 = Q, which means S(b, Q, Q) = 1 and SNP (b) Q2-independent, and consider QT ∼ M . A
reduction to the tree level form occurs up to small logarithmic corrections of order αs(Q2) log Q2

T /Q2. Tree level
analyses should yield reasonable results in this case.
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C. Comparison to tree level

We will compare the above result for Q = 10 GeV with the tree level result (cf. Eq. (62)). In the tree level
expression for the asymmetry it is important to keep Gaussians in numerator and denominator different, in order
to ensure the bound given in Eq. (153) is satisfied and an asymmetry is obtained that falls off at larger QT .
The tree level expressions for A(QT ) and A(QT ) will be denoted by A(0)(QT ) and A(0)(QT ). They are given by
(ignoring electroweak interference effects for simplicity)

A(0)(QT ) =
Q2

T R2 exp(−R2Q2
T /2)

4M2R2
u exp(−R2

uQ2
T /2)

sin2 θ2

1 + cos2 θ2

∑

a e2
a H⊥a

1 (z1) H⊥a
1 (z2)

∑

b e2
b Db

1(z1) Db
1(z2)

, (164)

and

A(0)(QT ) = exp
[

−(R2 − R2
u)Q2

T /2
]

M2Q2
T R6/R2

u. (165)

In Fig. 6 we have displayed the comparison of A(QT ) at Q = 10 GeV and the tree level quantity A(0)(QT ) using
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FIG. 6: The asymmetry factor A(QT ) at Q = 10 GeV (solid curve) and the tree level quantityA(0)(QT ) using R2
u = 1GeV−2

and R2/R2
u = 3/2. Both factors are given in units of M2.

the values R2
u = 1 GeV−2 and R2/R2

u = 3/2, which were chosen such as to minimize the magnitude of A(0)(QT ),
cf. [64] for further discussion. We conclude that inclusion of Sudakov factors has the effect of suppressing the
tree level result roughly by a factor of 5, whereas for Q = 90 GeV it is more than an order of magnitude. Tree
level extractions of the Collins function at large Q2 therefore can significantly underestimate its actual magnitude
(roughly by the square-root of the Sudakov suppression factor of the asymmetry). It is important to keep this in
mind when comparing predictions or fits of transverse momentum dependent azimuthal spin asymmetries based
on tree level expressions applied at different energies.

The above also shows that upon including Sudakov factors one retrieves parton model or tree level characteristics
(also noted in Ref. [75]), but with transverse momentum spreads that are significantly larger than would be
expected from intrinsic transverse momentum (this is supported by the presently available parameterizations of
SNP in various processes, which usually have Gaussian b-dependence with widths that increase with Q2, cf. e.g.
[81]).

D. Nonperturbative Sudakov factor from BELLE

Since the previous results depend on the input for the nonperturbative Sudakov factors SNP , which (as a
function of z1, z2) is not determined for the process e+e− → h1 h2 X , the numerical conclusions about the size
and Q2 dependence of the suppression should be viewed as generic, not as precise predictions. Therefore, we would
like to stress the need for an extraction of the nonperturbative Sudakov factor from the process e+e− → h1 h2 X .

D. Boer, NPB 806 (08)



Evolution of transverse moment of Sivers function

Vogelsang, Yuan, talk at SPIN08

Kang, Qiu, arXiv:0811.3101 [hep-ph] 

TF (x, x) ≡ 2Mf⊥(1)
1T (x)
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FIG. 12: Twist-3 up-quark-gluon correlation Tu,F (x, x, µF ) as a function of x at µF = 4 GeV (left) and µF = 10 GeV (right).
The factorization scale dependence is a solution of the flavor non-singlet evolution equation in Eq. (99). Solid and dotted curves
correspond to σ = 1/4 and 1/8, while the dashed curve is obtained by keeping only the DGLAP evolution kernel Pqq(z) in
Eq. (99).
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FIG. 13: Twist-3 down-quark-gluon correlation Td,F (x, x, µF ) as a function of x at µF = 4 GeV (left) and µF = 10 GeV
(right). Solid and dotted curves correspond to σ = 1/4 and 1/8, while the dashed curve is obtained by keeping only the
DGLAP evolution kernel Pqq(z) in Eq. (99).

In Figs. 14 and 15, we plot the twist-3 up-quark-gluon and down-quark-gluon correlation functions, Tu,F (x, x, µF )
and Td,F (x, x, µF ), as a function of x at µF = 4 GeV (left) and µF = 10 GeV (right). Only difference between the
solid and dotted curves in these figures and those in Figs. 12 and 13 is that we use the full set of evolution equations
in Eq. (107) through (110) to solve for the factorization scale dependence of these correlation functions. The dashed
curves represent the quark-gluon correlation functions obtained from the parametrization of Fit II in Ref. [33] by
assuming all quark-gluon and tri-gluon correlation functions obey the DGLAP evolution. We find that non-DGLAP
terms in the full evolution equations for the diagonal twist-3 correlation functions play a significant role in modifying
the evolution of these correlation functions at small x, where the role of the off-diagonal correlation functions is
enhanced due to a larger available phase space for the evolution kernels. The extra enhancement of the solid and
dotted curves over the dashed curves in Figs. 14 and 15 is mainly from the term proportional to the sum of both

tri-gluon correlation functions T (f)
G,F and T (d)

G,F that we assumed to have the same sign.

In Figs. 16 and 17, we plot the twist-3 tri-gluon correlation functions, T (f)
G,F (x, x, µF ) and T (d)

G,F (x, x, µF ), as a
function of x at µF = 4 GeV (left) and µF = 10 GeV (right), respectively. Solid and dotted curves are from solving
the full evolution equations with the input correlation functions evaluated at σ = 1/4 and 1/8, respectively. Dashed
curves are given by the normal CTEQ6L gluon distribution multiplied by the normalization constant λf (or λd),
which corresponds to making an assumption that all twist-3 correlation functions obey the DGLAP evolution, like
the normal unpolarized PDFs. We notice that for the evolution of tri-gluon correlation functions, the difference in
color factor for the DGLAP-type terms in the full evolution equations tends to compensate the contribution from the
terms proportional to the off-diagonal correlation functions, so that the evolution of the tri-gluon correlation functions
follow more closely to the DGLAP evolution as shown in Figs. 16 and 17.

We complete this section by stressing that the scale dependence presented in this section is sensitive to our as-
sumption to neglect the role of the second set of twist-3 correlation functions and our model for the input tri-gluon
correlation functions (equal and positive at the input scale). Although the overall features found here should be valid,
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by using the projection operator in Eq. (65). In this case, only diagrams (b) and (c) give nonvanishing results,

dI(b)
q∆q = δ(ξ − x)

∫ µ2
F dk2

T

k2
T

[
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2

]
αs

2π
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1

2

1
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)
, (97)

dI(c)
q∆q = −δ(ξ + ξ2 − x)

1

ξ
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F dk2
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]
αs
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(
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)
. (98)

By comparing above calculated results with Eq. (67), we extract evolution kernels, Kqq(ξ, ξ +ξ2, x, x) and Kq∆q(ξ, ξ +
ξ2, x, x). By calculating the same diagrams in Fig. 3 with momentum fractions ξ and x switched with ξ + ξ2 and
x + x2, respectively, we derive evolution kernels, Kqq(ξ + ξ2, ξ, x, x) and Kq∆q(ξ + ξ2, ξ, x, x). By integrating Eq. (86)
over x2 weighted by δ(x2) or simply setting x2 = 0, we obtain the order of αs evolution equation for Tq,F (x, x, µF )
from flavor non-singlet interactions,

∂Tq,F (x, x, µF )

∂lnµ2
F

=
αs

2π

∫ 1

x

dξ

ξ

{
Pqq(z) Tq,F (ξ, ξ, µF )

+
CA

2

[
1 + z2

1 − z
[Tq,F (ξ, x, µF ) − Tq,F (ξ, ξ, µF )] + z Tq,F (ξ, x, µF )

]

+
CA

2

[
T∆q,F (x, ξ, µF )

]}
, (99)

where

Pqq(z) = CF

[
1 + z2

(1 − z)+
+

3

2
δ(1 − z)

]
(100)

is the LO quark-to-quark splitting function for the normal PDFs. The standard definition of “+” distribution is

∫ 1

x

dz
f(z)

(1 − z)+
=

∫ 1

x

dz
f(z) − f(1)

1 − z
+ f(1) ln(1 − x) (101)

for a smooth function f(z). In deriving Eq. (99), Eqs. (11) and (20) were used. It is clear from Eq. (99) that
the flavor non-singlet evolution kernels for the diagonal twist-3 quark-gluon correlation function Tq,F (x, x, µF ) =
2πTq,F (x, x, µF ) are all infrared safe. The evolution equation for the diagonal correlation function Tq,F (x, x, µF ) is
not a closed one since it gets contribution not only from the same diagonal function Tq,F (ξ, ξ, µF ) but also from the
off-diagonal part of the same function as well as gets the contribution from a different function T∆q,F (x, ξ, µF ).

In the rest of this section, we derive the order of αs evolution kernels involving gluons as well as those with the
flavor change. In Fig. 8, we list all cut Feynman diagrams at the order of αs that could contribute to the evolution

kernels, K(ij)
gg and K(ij)

∆g∆g with i, j = f, d, when proper cut vertices and projection operators are used. The gluon
propagator with a short bar in the diagrams (l), (m), (n), and (o) is the gluonic special propagator defined in Ref. [42],
which represents the contact interaction. The diagrams with the contact interaction are responsible for the twist-3
contribution from the diagram in Fig. 4(a). We calculate all diagrams with the cut vertices and projection operators
derived in this section and setting x2 = 0. We find that after taking x2 = 0 or integrating over x2 weighted with
δ(x2), only diagrams (a), (b), (c), (d), (e), (f), and (g) give the nonvanishing contribution to the evolution kernel,

K(i,j)
gg ,
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dI(b)
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dI(d+e)
gg = −2π δ(ξ2) δ(ξ − x)
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dI(f+g)
gg = −2π δ(ξ2) δ(ξ − x)
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∂fNS
1 (x, µ2)
∂ lnµ2

=
αs(µ2)

2π

∫ 1

x

dξ

ξ
fNS
1 (ξ, µ2)Pqq(z)
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Factorization and universality



Different processes
SIDIS

kT

Drell-Yan

qT

e-e+ to pions

KT
3-D

p-p to pions

RT

Whenever we measure transverse-momentum effects, we need 
kT-factorization and we need transverse momentum dependent 
(or unintegrated) parton distributions

Collins, Soper, NPB 193 (81)



kT factorization

Collins, Soper, NPB 193 (81)
Ji, Ma, Yuan, PRD 71 (05)

FUU,T (x, z, P 2
h⊥, Q2) = C

[
f1D1

]

=
∫

d2pT d2kT d2lT δ(2)
(
pT − kT + lT − P h⊥/z

)

x
∑

a

e2
a fa

1 (x, p2
T , µ2)Da

1(z, k2
T , µ2) U(l2T , µ2)H(Q2, µ2)

TMD PDF TMD FF Soft factor Hard part



Consequences

 The real part of the gauge link remains unchanged
 The imaginary part changes sign 
 Observables sensitive to the imaginary part (e.g. 

single spin asymmetries) acquire an extra minus sign 
(generalization of universality)

dσDIS = HDIS ⊗ f dσDY = HDY ⊗ f

dσ↑
DIS − dσ↓

DIS = KDIS ⊗ g dσ↑
DIS − dσ↓

DIS = −KDY ⊗ g



Generalized universality

proton

lepton lepton

pion

SIDIS

electron

positron

pion

pion

e–e+ to pions

proton

proton lepton

antilepton

Drell-Yan
Collins, PLB 536 (02)



Hadrons to hadrons

proton

lepton lepton

pion

SIDIS

electron

positron

pion

pion

e–e+ to pions

proton

proton lepton

antilepton

Drell-Yan

proton

proton

pion

pion

p-p to pions
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A slightly more complex example

parton with charge g1

Collins, Qiu, PRD 75 (07)parton with charge g2

g1

[−l+ + iε]

g2

[−l+ + iε]
− g2

[−l+ + iε]



Consequences

g1

[−l+ + iε]
+

g2

[−l+ + iε]
− g2

[−l+ + iε]
= −iπ(2g2 + g1)δ(l+)− PV

g1

l+

• Up to this order, the real part is unchanged, the imaginary part gets more than 
just a simple sign change and depends on the charge of ANOTHER parton!

• Still possible to get around it: PDFs could still be universal, but the ones 
sensitive to the imaginary part (those involved in single spin asymmetries) 
have to be multiplied by g1/(2g2+g1)



Two-gluon exchange

Collins, 0708.4410 [hep-ph]        Vogelsang, Yuan, 0708.4398 [hep-ph]

Breaking of universality, and not 

only in single-spin asymmetries

+ more



A forest of gauge links

Bomhof, Mulders, Pijlman, PLB 596 (04) 
Collins, Qiu, PRD 75 (07)

Vogelsang, Yuan, PRD76 (07)

Breaking of  universality, and not 

only in single-spin asymmetries



Hadrons to hadrons
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?
TMDs require rethinking of  fundamental QCD results



Weighted asymmetries

∫
qT

dσDIS

dqT
dqT = KDIS ⊗ g

∫
qT

dσpp

dqT
dqT = Kpp ⊗ g′ = CKpp ⊗ g

∫
dσDIS

dqT
dqT = HDIS ⊗ f

∫
dσpp

dqT
dqT = Hpp ⊗ f



Weighted asymmetries
A.B., D’Alesio, Bomhof, Mulders, Murgia,PRL99 (07)

“Standard” universality

“Generalized” universality


