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Fragmentation functions

For the ”favored” functions

Du→π+

1 = Dd̄→π+

1 = Dd→π−

1 = Dū→π−
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Valence and pions only
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Available studies
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FIG. 2 (color online). Invariant differential cross section for
the Drell-Yan process at

!!!

s
p ’ 23:8 GeV and fixed rapidity y !

0:21, as a function of the transverse momentum of the lepton
pair qT and averaged over different invariant mass bins (see the
legend). The parametrization MRST01 [25] for the unpolarized
parton distributions is used, with 1=! ! 0:8 GeV=c. Curves
are rescaled by a fixed K-factor, K ! 1:8. Data are from [27].
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FIG. 3 (color online). Invariant differential cross section for
the Drell-Yan process at
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s
p ’ 27:4 GeV and fixed rapidity y !

0:03, as a function of the transverse momentum of the lepton
pair qT and averaged over different invariant mass bins (see the
legend). The parametrization MRST01 [25] for the unpolarized
parton distributions is used, with 1=! ! 0:9 GeV=c. Curves
are rescaled by a fixed K-factor, K ! 1:6. Data are from [27].
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FIG. 4 (color online). Invariant differential cross section for
the Drell-Yan process at
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s
p ’ 38:8 GeV and fixed xF ! 0:1, as

a function of the transverse momentum of the lepton pair qT
and averaged over different invariant mass bins (see the
legend). The parametrization MRST01 [25] for the unpolarized
parton distributions is used, with 1=! ! 0:95 GeV=c. Curves
are rescaled by a fixed K-factor, K ! 1:6. Data are from [28].
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FIG. 5 (color online). Differential cross section for the Drell-
Yan process at
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s
p ! 62 GeV, as a function of the transverse

momentum of the lepton pair qT and averaged over the invari-
ant mass bin 5 GeV<M< 8 GeV and over the Feynman
variable bin "0:1< xF < 0:8 (xF ! 2qL=
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s
p

). The parametri-
zation MRST01 [25] for the unpolarized parton distributions is
used, with 1=! ! 1:0 GeV=c. The theoretical curve is rescaled
by a fixed K-factor, K ! 1:5. Data are from [29].
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Available studies

of each fit, Figs. 1–5 compare theory calculations for the

DWS-G, LY-G, and BLNY parametrizations to each data set.

We emphasize again that the new LY-G parametrization pre-

sented in Table III was obtained by applying the conven-

tional global fitting procedure to the enlarged data set listed

in Tables I and II. In contrast, the original LY fit in Ref. !10"
was obtained by first fitting the g2 parameter using the CDF-

FIG. 2. Comparison to the E605 data for the process p!Cu

→#!#"!X at !S#38.8 GeV. The data are the published experi-
mental values. The curves are the results of the fits multiplied by the

best-fit values of 1/Nf it given in Table III.

FIG. 3. Comparison to the E288 data for the process p!Cu

→#!#"!X at !S#27.4 GeV. The data are the published experi-
mental values. The curves are the results of the fits and are multi-

plied by the best-fit values of 1/Nf it given in Table III.

FIG. 4. Comparison to the DO” -Z run-1 data. The data are the
published experimental values. The curves are the results of the fits

and are multiplied by the best-fit values of 1/Nf it given in Table III.

FIG. 5. Comparison to the CDF-Z run-1 data. The data are the

published experimental values. The curves are the results of the fits

and are multiplied by the best-fit value of 1/Nf it given in Table III.
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p ’ 23:8 GeV and fixed rapidity y !

0:21, as a function of the transverse momentum of the lepton
pair qT and averaged over different invariant mass bins (see the
legend). The parametrization MRST01 [25] for the unpolarized
parton distributions is used, with 1=! ! 0:8 GeV=c. Curves
are rescaled by a fixed K-factor, K ! 1:8. Data are from [27].
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parton distributions is used, with 1=! ! 0:9 GeV=c. Curves
are rescaled by a fixed K-factor, K ! 1:6. Data are from [27].
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by a fixed K-factor, K ! 1:5. Data are from [29].
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Collins asymmetries
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Transversity and Collins

by the reduced size of the present uncertainty bands (Fig. 1), and enables us to give more
precise predictions for forthcoming experiments (see Fig. 4). The new distributions are
compatible with the extraction of Ref. [3] and close to some model predictions for the
transversity distribution (see for example Ref. [11]).
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Figure 1: Left panel: the transversity distribution functions for u and d flavours as deter-
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(wider) bands of our previous extraction [3]. Right panel: favoured and unfavoured Collins
fragmentation functions as determined by our global fit; we also show the positivity bound
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NT
u = 0.79 ± 0.11 NT

d = −1.00 ± 0.15 α = 0.62 ± 0.18 β = 0.31 ± 0.27
NC

fav = 0.43 ± 0.05 NC
unf = −1.00 ± 0.17 γ = 0.96 ± 0.06 δ = 0.01 ± 0.03

M2
h = 0.91 ± 0.46 (GeV/c)2

Table 1: Best values of the free parameters for the u and d transversity distribution functions
and for the favoured and unfavoured Collins fragmentation functions. We obtain χ2/d.o.f.
= 1.3. Notice that the errors generated by MINUIT are strongly correlated, and should not
be taken at face value. The significant fluctuations in our results are shown by the shaded
areas in Figs. 2 and 3.

fragmentation functions fq/p(x) and Dh/q(z) are available in the literature; in particular we
will refer to Refs. [8] and [9].

As in our previous analysis [3] we adopt the following parameterizations for the transver-
sity distribution, ∆T q(x, k⊥), and the Collins FF, ∆NDh/q↑(z, p⊥):

∆T q(x, k⊥) =
1

2
N T

q (x) [fq/p(x) + ∆q(x)]
e−k2

⊥/〈k2

⊥〉
T

π〈k2
⊥〉T

, (1)

∆NDh/q↑(z, p⊥) = 2NC
q (z) Dh/q(z) h(p⊥)

e−p2

⊥/〈p2

⊥〉

π〈p2
⊥〉

, (2)

with

N T
q (x) = NT

q xα(1 − x)β (α + β)(α+β)

ααββ
, NC

q (z) = NC
q zγ(1 − z)δ (γ + δ)(γ+δ)

γγδδ
,(3)

h(p⊥) =
√

2e
p⊥
Mh

e−p2

⊥/M2

h , (4)

and −1 ≤ NT
q ≤ 1, −1 ≤ NC

q ≤ 1. We assume 〈k2
⊥〉T = 〈k2

⊥〉. The helicity distribution
∆q(x) is taken from Ref. [10].

Table 1 contains the results of the best fit to the new data sets, Refs. [4, 5, 6]. In
Fig. 1, our present results for the transversity distribution and the Collins fragmentation
function are compared to those of our previous extraction, Ref. [3]; Fig. 2 shows the fits
to the HERMES [4] and COMPASS [5] data, while Fig. 3 shows the fit to the BELLE A12

asymmetry data and the predictions for the BELLE A0 asymmetry [6] (notice that we do
not include the A0 data in the fit, as the two sets of BELLE data are not indepedent; the
consequences of fitting A0 instead of A12 are presently under investigation).

Finally, in Fig. 4, we show our estimates for COMPASS and JLab experiments operating
on proton target. Notice that JLab results will give important information on the range
of large x−values, which is left basically unconstrained by the present SIDIS data from
HERMES and COMPASS. Our large−x estimates are based on an extrapolation of the
transversity distribution function into an unexplored region of x, and consequently must be
taken with some care.

The first x-moments of the transversity distribution – related to the tensor charge, and
defined as ∆T q ≡

∫ 1
0 dx∆T q(x) – are found to be ∆T u = 0.59+0.14

−0.13, ∆T d = −0.20+0.05
−0.07 at

Q2 = 0.8 GeV2.
From this preliminary analysis, we conclude that the inclusion of the new data sets [4, 5, 6]

improves our determination of the transversity distribution and Collins FFs, as can be seen

DIS 2008
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Dihadron functions: DIS
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FIG. 1: The spin asymmetry for the semi-inclusive production of a pion pair in deep-inelastic scattering on a transversely
polarized proton, as a function of the invariant mass Mh of the pion pair, of the light-cone momentum fraction x of the initial
parton, of the energy fraction z carried by the pion pair with respect to the fragmenting parton. Data from Ref. [40]. The
uncertainty band is a fit to the data based on the DiFF spectator model of Ref. [38] and on the h1 parametrization of Ref. [48].

which is connected to the pair invariant mass by [9]

R2
T =

(P1T − P2T )2

4
=

z1z2

z1 + z2

[

M2
h

z1 + z2
−

M2
1

z1
−

M2
2

z2

]

. (5)

The further dependence on the scale Q2 of the process is described by usual DGLAP evolution equations; at LL, they
read [9]

d

dlogQ2
Dq(z1, z2, R

2
T , Q2) =

αs(Q2)

2π

∫ 1

z1+z2

du

u2
Dq′

(z1

u
,
z2

u
, R2

T , Q2
)

Pq′q(u) , (6)

where P (u) are the usual leading-order splitting functions [49]. A similar equation holds for H!

q involving the splitting
functions δP (u) for transversely polarized partons [50, 51] (see also the Appendix of Ref. [9], for convenience).

The same strategy can be applied to study evolution of single components of extended DiFF in the expansion in
relative partial waves of the pion pair. In fact, Eq. (6) can be rewritten as

d

dlogQ2
Dq(z, ζ, M2

h , Q2) =
αs(Q2)

2π

∫ 1

z

du

u
Dq′

( z

u
, ζ, M2

h , Q2
)

Pq′q(u) . (7)

Note that the evolution kernel affects only the dependence on z, leaving untouched the dependence on ζ. That is, it
affects the dependence on the fractional momentum of the pion pair with respect to the hard fragmenting parton, but
not the dependence on the nonperturbative processes that make the fractional momentum split inside the pair itself.
The net effect is that extended DiFF display evolution equations very similar to the single-hadron fragmentation case.
Using the above identity ζ = 2 cos θ|R|/Mh, we can again expand both sides of Eq. (7) in terms of Legendre functions
of cos θ and apply the evolution kernel to each member of the expansion. By integrating in d cos θ both sides we come
to the final result

d

dlogQ2
D1,q(z, M2

h , Q2) =
αs(Q2)

2π

∫ 1

z

du

u
D1,q′

( z

u
, M2

h , Q2
)

Pq′q(u) , (8)

that involves the DGLAP evolution of the single diagonal component D1,q = Ds
1,q + Dp

1,q related to the pure s and

p relative partial waves of the pion pair. Analogously, we can get an evolution equation similar to Eq. (8) for H!sp
1,q

provided that P (u) is replaced by δP (u).
Equation (8) shows that also the dependence on the pair invariant mass Mh is not affected by the evolution kernel,

as is reasonable, since Mh is a scale much lower than Q2. However, in order to get the Mh dependence at a different
scale Q′ 2 "= Q2 it is important to completely integrate away the z dependence. Usually, experimental phase spaces are
limited by the geometry of the apparatus and, in this case, the integration in dz is performed in the interval [zmin, 1]
with zmin "= 0. In Fig. 2, we show D1,u(Mh) for the up quark at the HERMES scale Q2 = 2.5 GeV2 (dot-dashed
line) and at the BELLE scale of Q2 = 100 GeV2 (solid line). In the left panel, results are obtained using zmin = 0.02,
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relative to the lepton-scattering plane, of the target “↑” state. Twist-3 contributions to the

polarized and unpolarized cross sections appear with different azimuthal dependences [20].

Both dihadron fragmentation functions D1,q and H!

1,q can be expanded in terms of

Legendre functions of cos θ. Hence [43],

D1,q(z,Mππ, cos θ) " D1,q(z,Mππ) + Dsp
1,q(z,Mππ) cos θ + Dpp

1,q(z,Mππ)
1

4
(3 cos2 θ − 1) (3)

and

H!

1,q(z,Mππ , cos θ) " H!,sp
1,q (z,Mππ) + H!,pp

1,q (z,Mππ) cos θ, (4)

where the Legendre expansions are truncated to include only the s- and p-wave components,

which is assumed to be a valid approximation in the range of the invariant mass Mππ <

1.5 GeV [43], which is typical of the present experiment.

In refs. [15, 37, 43], it was proposed to measure σUU and σUT integrated over the angle

θ, which has the advantage that in the resulting expression for these cross sections the only

fragmentation functions that appear are D1,q(z,Mππ) and H!,sp
1,q (z,Mππ) (see eqs. (1)–(4)).

However, this requires an experimental acceptance that is complete in θ, which is difficult

to achieve, not only because of the geometrical acceptance of the detector, but also because

of the acceptance in the momentum of the detected pions. As the momentum selection

|Pπ| > 1 GeV strongly influences the θ distribution, the measured asymmetry must be

kept differential in θ.

The single-spin asymmetry AUT ≡ 1
|ST |σUT/σUU contains components of a simultane-

ous Fourier and Legendre expansion. The amplitude Asin(φR⊥+φS) sin θ
UT of the modulation of

interest here, which is related to the product of transversity and the fragmentation function

H!,sp
1 , is defined as

Asin(φR⊥+φS) sin θ
UT ≡

2

|ST |

∫

dcos θ dφR⊥ dφS sin(φR⊥ + φS) dσ7
UT / sin θ

∫

dcos θ dφR⊥ dφS dσ7
UU

. (5)

Using eqs. (1)–(4), it can be written as [43]

Asin(φR⊥+φS) sin θ
UT = −

(1 − y)

(1 − y + y2

2 )

1

2

√

1 − 4
M2

π

M2
ππ

∑

q e2
q hq

1(x)H!,sp
1,q (z,Mππ)

∑

q e2
q f q

1 (x)D1,q(z,Mππ)
. (6)

Due to the factor e2
q , the amplitude is expected to be up-quark dominated.

The results reported here are extracted from the single-spin asymmetry

AU⊥(x, z,Mππ,φR⊥,φS , θ) ≡
1

|S⊥|

N↑ − N↓

N↑ + N↓
, (7)

where N↑(↓) is the luminosity-normalized number of semi-inclusive π+π− pairs detected

while the target is in the ↑(↓) spin state with polarization perpendicular to the incoming

lepton beam (rather than to the virtual-photon direction). The asymmetry is evaluated as

a function of x, z, Mππ, and the angles φR⊥, φS , and θ, which are defined in figure 1.3

3The definitions of the asymmetry and the angles are consistent with the “Trento Conventions” [44].
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Ph
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φR

le−

P1

π − θ2

le+

A(cos θ2, z,M2
h , z,M

2
h) =

sin2 θ2

1 + cos2 θ2

π2

32
|R| |R|
Mh Mh

∑
q e2

q H!sp
1,q (z, M2

h) H
!sp
1,q (z,Mh

2)
∑

q e2
q D1,q(z, M2

h) D1,q(z,Mh
2)
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FIG. 4: The azimuthal asymmetry for two pion pairs production in e+e− annihilation as a function of the invariant mass Mh

of one pair for the indicated bins in its momentum fraction z. Notations as in Fig. 2. The uncertainty band around the solid
line originates from the fit error of Fig. 1 through error propagation. For each panel, the lower plot shows the modification
factor of the final result because of DGLAP evolution (see text).

0.2 ≤ z ≤ 0.9, and −0.6 ≤ cos θ2 ≤ 0.9, according to the BELLE experimental phase space. In particular, according
to Ref. [25] for each bin we have assumed the following coefficient

〈sin2 θ2〉
〈1 + cos2 θ2〉

≈ 0.7 . (12)
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S asymmetry, not measured at HERMES, which is the result of a computation based on our extracted Sivers
function and the assumed fragmentation functions of Eq. (16).
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S asymmetry, although compared with data [12], is not a
best fit, but the result of our computation, using the assumed fragmentation functions of Eq. (16).

obtain χ2 = 1.20 per data point for K+ production at HERMES [10], while for pions we have χ2 = 0.94 per data
point, and a total χ2

dof = 1.00.
The quality of our results is shown in Figs. 3 and 4 where our best fits to the SSA is compared with the experimental

data from Refs. [10] and [11]: the SSAs are plotted as a function of one variable at a time, either z or x or PT , while an
integration over the other variables has been performed consistently with the cuts of the corresponding experiment.
The shaded area in Figs. 3 and 4 corresponds to 95.45% Confidence Level (CL) and is determined according to the
procedure described in Appendix A.

Notice that in Fig. 4 we also show the results for π0 at COMPASS, for which no data is so far available, computed

using our extracted Sivers functions as given in Table I. Similarly we have computed Asin(φh−φS)
UT for K0

S production
at HERMES and COMPASS and show them respectively in Fig. 3 and 4. As the K0

S is an equal mixture of K0 = ds̄
and K̄0 = d̄s, we have assumed isospin invariance, writing the K0

S FFs in terms of the K+ ones – which are taken
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FIG. 6: The Sivers distribution functions for u, d and s flavours as determined by our simultaneous fit of HERMES and
COMPASS data (see text for details). On the left panel, the first moment x ∆Nf (1)(x), Eq. (17), is shown as a function of x
for each flavour, as indicated. Similarly, on the right panel, the Sivers distribution x∆Nf(x, k⊥) is shown as a function of k⊥

at a fixed value of x for each flavour, as indicated. The highest and lowest dashed lines show the positivity limits |∆Nf | = 2f .

IV. PREDICTIONS FOR FORTHCOMING EXPERIMENTS

Using the Sivers functions determined through our fit, we can give predictions for other transverse single spin

asymmetries Asin(φh−φS)
UT which will be measured in the near future. Fig. 8 shows the results we obtain for the

COMPASS experiment operating with a hydrogen target, adopting the same experimental cuts which were used for
the deuterium target (Eq. (71) of Ref. [1]).

Forthcoming measurements at the energies of 6 and 12 GeV are going to be performed at JLab, on proton, neutron
and deuteron transversely polarized targets. The obtained data will be important for several reasons; they will
cover a kinematical region corresponding to large values of x, a region which is so far unexplored from other SIDIS
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IV. PREDICTIONS FOR FORTHCOMING EXPERIMENTS

Using the Sivers functions determined through our fit, we can give predictions for other transverse single spin

asymmetries Asin(φh−φS)
UT which will be measured in the near future. Fig. 8 shows the results we obtain for the

COMPASS experiment operating with a hydrogen target, adopting the same experimental cuts which were used for
the deuterium target (Eq. (71) of Ref. [1]).

Forthcoming measurements at the energies of 6 and 12 GeV are going to be performed at JLab, on proton, neutron
and deuteron transversely polarized targets. The obtained data will be important for several reasons; they will
cover a kinematical region corresponding to large values of x, a region which is so far unexplored from other SIDIS

• Data from HERMES, 
COMPASS
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IV. PREDICTIONS FOR FORTHCOMING EXPERIMENTS

Using the Sivers functions determined through our fit, we can give predictions for other transverse single spin

asymmetries Asin(φh−φS)
UT which will be measured in the near future. Fig. 8 shows the results we obtain for the

COMPASS experiment operating with a hydrogen target, adopting the same experimental cuts which were used for
the deuterium target (Eq. (71) of Ref. [1]).

Forthcoming measurements at the energies of 6 and 12 GeV are going to be performed at JLab, on proton, neutron
and deuteron transversely polarized targets. The obtained data will be important for several reasons; they will
cover a kinematical region corresponding to large values of x, a region which is so far unexplored from other SIDIS

• Data from HERMES, 
COMPASS

• 96 data points (some 
correlations -- cf. 467 
points for Δq fits)
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FIG. 6: The Sivers distribution functions for u, d and s flavours as determined by our simultaneous fit of HERMES and
COMPASS data (see text for details). On the left panel, the first moment x ∆Nf (1)(x), Eq. (17), is shown as a function of x
for each flavour, as indicated. Similarly, on the right panel, the Sivers distribution x∆Nf(x, k⊥) is shown as a function of k⊥

at a fixed value of x for each flavour, as indicated. The highest and lowest dashed lines show the positivity limits |∆Nf | = 2f .

IV. PREDICTIONS FOR FORTHCOMING EXPERIMENTS

Using the Sivers functions determined through our fit, we can give predictions for other transverse single spin

asymmetries Asin(φh−φS)
UT which will be measured in the near future. Fig. 8 shows the results we obtain for the

COMPASS experiment operating with a hydrogen target, adopting the same experimental cuts which were used for
the deuterium target (Eq. (71) of Ref. [1]).

Forthcoming measurements at the energies of 6 and 12 GeV are going to be performed at JLab, on proton, neutron
and deuteron transversely polarized targets. The obtained data will be important for several reasons; they will
cover a kinematical region corresponding to large values of x, a region which is so far unexplored from other SIDIS

• Data from HERMES, 
COMPASS

• 96 data points (some 
correlations -- cf. 467 
points for Δq fits)

• no sys errors
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for each flavour, as indicated. Similarly, on the right panel, the Sivers distribution x∆Nf(x, k⊥) is shown as a function of k⊥

at a fixed value of x for each flavour, as indicated. The highest and lowest dashed lines show the positivity limits |∆Nf | = 2f .

IV. PREDICTIONS FOR FORTHCOMING EXPERIMENTS

Using the Sivers functions determined through our fit, we can give predictions for other transverse single spin

asymmetries Asin(φh−φS)
UT which will be measured in the near future. Fig. 8 shows the results we obtain for the

COMPASS experiment operating with a hydrogen target, adopting the same experimental cuts which were used for
the deuterium target (Eq. (71) of Ref. [1]).

Forthcoming measurements at the energies of 6 and 12 GeV are going to be performed at JLab, on proton, neutron
and deuteron transversely polarized targets. The obtained data will be important for several reasons; they will
cover a kinematical region corresponding to large values of x, a region which is so far unexplored from other SIDIS

• Data from HERMES, 
COMPASS

• 96 data points (some 
correlations -- cf. 467 
points for Δq fits)

• no sys errors

• χ2≈1.0
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IV. PREDICTIONS FOR FORTHCOMING EXPERIMENTS

Using the Sivers functions determined through our fit, we can give predictions for other transverse single spin

asymmetries Asin(φh−φS)
UT which will be measured in the near future. Fig. 8 shows the results we obtain for the

COMPASS experiment operating with a hydrogen target, adopting the same experimental cuts which were used for
the deuterium target (Eq. (71) of Ref. [1]).

Forthcoming measurements at the energies of 6 and 12 GeV are going to be performed at JLab, on proton, neutron
and deuteron transversely polarized targets. The obtained data will be important for several reasons; they will
cover a kinematical region corresponding to large values of x, a region which is so far unexplored from other SIDIS

• Data from HERMES, 
COMPASS

• 96 data points (some 
correlations -- cf. 467 
points for Δq fits)
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• Statistical uncertainty only 
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FIG. 7: The Sivers distribution functions for u and d flavours as determined by our present fit (solid lines) are compared with
the Sivers distribution functions for u and d flavours as had been determined by our previous fit [2] on SIDIS data (dashed
lines), where π0 and kaon productions were not considered and only valence quark contributions were taken into account. This
plot clearly shows that the Sivers functions previously found are consistent, within the uncertainty bands, with the Sivers
functions presently obtained.

measurements. In particular, a combined analysis of HERMES, COMPASS and JLab SIDIS data will allow a much
better determination of the β parameters, which control the large x behavior of the Sivers distribution functions. In
addition, the combined analysis of proton and neutron target events will help flavour disentangling and a more precise
determination of u and d quark contributions. Our predictions for the JLab SSAs, for pion and kaon production off
proton, neutron and deuteron targets, at 6 and 12 GeV, are presented in Figs. 9–14.

The adopted experimental cuts for JLab operating on a proton or a deuteron target at 6 GeV are, in terms of the
usual SIDIS variables, the following:

0.4 ≤ zh ≤ 0.7 0.02 ≤ PT ≤ 1 GeV/c

0.1 ≤ x
B
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1 ≤ Eh ≤ 4 GeV ,

(26)

whereas for a beam energy of 12 GeV they are:

0.3 ≤ zh ≤ 0.8 0.05 ≤ PT ≤ 1.5 GeV/c

0.05 ≤ x
B
≤ 0.7 0.25 ≤ y ≤ 0.85

1 ≤ Q2 ≤ 8 (GeV/c)2 W 2 ≥ 4 GeV2

1.5 ≤ Eh ≤ 3.5 GeV .

(27)
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determination of u and d quark contributions. Our predictions for the JLab SSAs, for pion and kaon production off
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