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Spectator model
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while in the Drell–Yan case it runs in the opposite direction through −∞. This fact leads to a sign difference in T-odd
parton densities, as mentioned for the first time in Ref. [15].

Similarly to Ref. [42], we evaluate the correlator of Eq. (4) in the spectator approximation, i.e. we insert a com-
pleteness relation and at tree-level we truncate the sum over final states to a single on-shell spectator state with mass
MX , thus getting the analytic form
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, (7)

where p is the momentum of the active quark, m its mass, and the on-shell condition (P −p)2 = M2
X for the spectator

implies for the quark the off-shell condition

p2 ≡ τ(x,pT ) = −
p2

T
+ L2

X(m2)

1 − x
+ m2 , L2

X(m2) = xM2
X + (1 − x)m2 − x(1 − x)M2 , (8)

with M the hadron mass.
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FIG. 1: Tree-level cut diagram for the calculation of T-even leading-twist parton densities. The dashed line indicates both
scalar and axial-vector diquarks.

We assume the spectator to be point-like, with the quantum numbers of a diquark. Hence, the proton can couple to
a quark and to a spectator diquark with spin 0 (scalar X = s) or spin 1 (axial-vector X = a), as well as with isospin
0 (isoscalar ud-like system) or isospin 1 (isovector uu-like system). Therefore, the tree-level “scattering amplitude”
M(0) is given by (see Fig. 1)

M(0)(S) = 〈P − p|ψ(0)|P, S〉 =
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p/− m
Ys U(P, S) scalar diquark,

i

p/− m
ε∗µ(P − p, λa)Yµ

a U(P, S) axial-vector diquark,
(9)

and is actually a Dirac spinor because of the understood spinorial indices of the quark field ψ. The εµ(P − p, λa) is
the 4-vector polarization of the spin-1 vector diquark with momentum P − p and helicity states λa. When summing
over all polarizations states, several choices have been used for dµν =

∑

λa
ε∗µ
(λa) εν

(λa):
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(see Ref. [36]),

−gµν +
Pµ P ν

M2
a

(see Ref. [42]),

−gµν (see Ref. [46]).

(10)

The different forms for the diquark propagator correspond to different physical theories and lead to different results
for the parton distribution functions. We have analyzed all of them except for the third one, which was extensively
studied already in Ref. [42]. However, we think that the first one is preferable to the others. The motivation is
that in the spectator model we have to take into account that the diquarks have an electric charge and can couple
to the virtual photon in DIS. In other words, in this model the quarks are not the only charged partons in the
proton: the diquarks are also charged partons and they have spin different from 1

2 . The scalar diquark couples only



Scalar diquark case
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Calculation of the TMD f1
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TMDs
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Light-cone wave functions
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 , ū(p,−) =
1√

23/2 xP+





m
−px − ipy√

2 xP+

0







Light-cone wave functions
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Parallel and antiparallel helicity distributions
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All other T-even TMDs
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Results for scalar and vector diquark case
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With this conventions and keeping in mind that λX is absent for the scalar diquark and λX = ± for the vector
diquark, we can write the TMDs in the following way
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The above results automatically fulfill positivity bounds [8].
The explicit expressions are
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From the last two formulae we deduce also the expressions for the transversity distribution:
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Note that the functions g1T and h⊥
1L arise from the interference of LCWFs with |Lz| = 1 and Lz = 0. The function h⊥

1T
requires the interference of two LCWFs that differ by two units of Lz. This condition is necessary but not sufficient to
have h⊥

1T "= 0. In fact, the vector spectator gives h⊥
1T = 0 even if LCWFs with Lz = ±1 are present. For an analysis

of this functions, see also Ref. [56].
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M
g1T (x,pT ) =

1

16π3

∑

λX

(

|ψ↑
+λX

|2 − |ψ↑
−λX

|2
)

(55)

pT · ŜqT
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M
h⊥

1T (x,pT ) =
1

16π3

∑

λX

(

|ψ↑
↑λX

|2 − |ψ↑
↓λX

|2
)

(57)

The above results automatically fulfill positivity bounds [8].
The explicit expressions are

gq(s)
1L (x,p2

T ) =
g2

s

(2π)3
[(m + xM)2 − p2

T ] (1 − x)3

2 (p2
T + L2

s(Λ2
s))4

, (58)

gq(a)
1L (x,p2

T ) =
g2

a

(2π)3
[p2

T
(1 + x2) − (m + xM)2 (1 − x)2] (1 − x)

2 (p2
T

+ L2
a(Λ2

a))4
, (59)

gq(s)
1T (x,p2

T ) =
g2

s

(2π)3
M (m + xM) (1 − x)3

(p2
T + L2

s(Λ2
s))4

, (60)

gq(a)
1T (x,p2

T ) =
g2

a

(2π)3
xM (m + xM) (1 − x)2

(p2
T

+ L2
a(Λ2

a))4
, (61)

h⊥ q(s)
1L (x,p2

T ) = −
g2

s

(2π)3
M (m + xM) (1 − x)3

(p2
T + L2

s(Λ2
s))4

, (62)

h⊥ q(a)
1L (x,p2

T ) =
g2

a

(2π)3
M (m + xM) (1 − x)2

(p2
T

+ L2
a(Λ

2
a))4

, (63)

hq(s)
1T (x,p2

T ) =
g2

s

(2π)3
[p2

T + (m + xM)2] (1 − x)3

2 (p2
T + L2

s(Λ2
s))4

, (64)

hq(a)
1T (x,p2

T ) = −
g2

a

(2π)3
p2

T
x(1 − x)

(p2
T

+ L2
a(Λ

2
a))4

, (65)

h⊥ q(s)
1T (x,p2

T ) = −
g2

s

(2π)3
M2 (1 − x)3

(p2
T + L2

s(Λ2
s))4

, (66)

h⊥ q(a)
1T (x,p2

T
) = 0 . (67)

From the last two formulae we deduce also the expressions for the transversity distribution:

hq(s)
1 (x,p2

T
) = hq(s)

1T (x,p2
T
) +

p2
T

2M2
h⊥ q(s)

1T (x,p2
T
) =

g2
s

(2π)3
(m + xM)2 (1 − x)3

2 [p2
T + L2

s(Λ2
s)]4

(68)

hq(a)
1 (x,p2

T ) = −
g2

a

(2π)3
p2

T x(1 − x)

[p2
T + L2

a(Λ2
a)]4

. (69)

Note that the functions g1T and h⊥
1L arise from the interference of LCWFs with |Lz| = 1 and Lz = 0. The function h⊥
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Unpolarized and helicity distribution: fit
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we calculated the corresponding diquark distribution function fX(q)
1 for the active diquark in the state X and the

spectator quark with flavor q, again using the first choice in Eq. (10) (independently of the choice of form factor). We
found the remarkable property

fX(q)
1 (x) = f q(X)

1 (1 − x). (128)

By splitting the total proton momentum sum rule into the contributions of quarks, Pq, and of diquarks, PX , using
the symmetry property (128) we get

Pq + PX =

∫ 1

0
dxx

[

c2
s fu(s)

1 norm(x) + c2
a fu(a)

1 norm(x) + c′2a fd(a′)
1 norm(x)

]

+

∫ 1

0
dxx

[

c2
s fs(u)

1 norm(x) + c2
a fa(u)

1 norm(x) + c′2a fa′(d)
1 norm(x)

]

=

∫ 1

0
dx

[

c2
s fu(s)

1 norm(x) + c2
a fu(a)

1 norm(x) + c′2a fd(a′)
1 norm(x)

]

= c2
s + c2

a + c′2a .

(129)

It is therefore impossible in our spectator model to fulfill at the same time the momentum sum rule and the quark
number sum rule.

Although from the fundamental point of view it is more important to satisfy the momentum sum rule, from the
phenomenological point of view it is impossible to reproduce the parametrizations in a satisfactory way. We decided
therefore to avoid imposing the momentum sum rule and let the fit choose the values of the parameters cX .
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FIG. 4: The distribution functions f1(x) (above) and g1(x) (below) for the up quark (left panel) and the down quark (right
panel). Data are a selection of 25 equidistant points in 0.1 ≤ x ≤ 0.7 from the parametrizations of Ref. [68] (ZEUS2002)
and Ref. [69] (GRSV2000) at LO, respectively (we assigned a constant relative error of 10% to gu

1 and 25% to gd
1 based on

comparisons with similar fits [70]). The curves represent the best fit (χ2/d.o.f. = 3.88) obtained with our spectator model. The
statistical uncertainty bands correspond to ∆χ2 = 1.

In summary, we have 9 free parameters for the model. We fix them by fitting at the same time fu
1 , fd

1 at Q2 = 0.3
GeV2 from Ref. [68], and gu

1 , gd
1 at Q2 = 0.26 GeV2 from Ref. [69] at LO. The fit was performed using the MINUIT
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program. A χ2/d.o.f. = 3.88 was reached. The results are shown in Fig. 4. In spite of the very high χ2, the agreement
is acceptable, except perhaps for the down quark helicity distribution. The error band is deduced from the covariance
matrix given by MINUIT and represents the standard 1-σ statistical uncertainty (∆χ2 = 1). The corresponding
values for the various model parameters are listed in Tab. I.

Diquark MX (GeV) ΛX (GeV) cX

Scalar s (uu) 0.822 ± 0.053 0.609 ± 0.038 0.847 ± 0.111

Axial-vector a (ud) 1.492 ± 0.173 0.716 ± 0.074 1.061 ± 0.085

Axial-vector a′ (uu) 0.890 ± 0.008 0.376 ± 0.005 0.880 ± 0.008

TABLE I: Results for the model parameters with dipolar nucleon-quark-diquark form factor and light-cone transverse polariza-
tions of the vector diquark: the diquark masses MX , the cutoffs ΛX in the form factors, and the cX couplings for X = s, a, a′

scalar isoscalar, vector isoscalar, and vector isovector diquarks. The fit was performed using the MINUIT program on the
parametrization of f1(x) from Ref. [68] (ZEUS2002), and of g1(x) from Ref. [69] (GRSV2000) at LO, reaching a χ2/d.o.f. =
3.88.

B. Unpolarized parton densities

With the above model parameters, the proton momentum fraction Pq carried by valence quarks, is

Pq =

∫ 1

0
dxx

[

c2
s fu(s)

1 norm(x) + c2
a fu(a)

1 norm(x) + c′2a fd(a′)
1 norm(x)

]

=

∫ 1

0
dxx

[

fu
1 (x) + fd

1 (x)
]

≈ 0.584 ± 0.010 , (130)

which is consistent with the ZEUS result of 0.55 [68].
While for fd

1 only the vector-isovector diquark plays a role, for fu
1 it turns out that the contributions from the scalar

and vector diquark have about the same size. The vector diquark is always dominant at high x. However, we know
that the model is not reliable in the limit x → 1. In fact, the behavior at high-x does not follow the predictions of
Ref. [73], since our model does not correctly take into account the dominant dynamics in that region.

We consider now the p2
T dependence of the distribution function obtained in our model. In Fig. 5 we show the

behavior of the up and down distributions as functions of p2
T

for a few values of the variable x.
First of all, we observe that the function fu

1 displays a nonmonotonic behavior at x ≤ 0.02. This is due to the
contribution from LCWFs with nonzero orbital angular momentum. Although the details of where and how this
feature occurs is model-dependent, it is generally true that the contribution of LCWFs with one unit of orbital
angular momentum falls linearly with p2

T
for p2

T
→ 0. This behavior is sharply different from the contributions of

LCWFs with no orbital angular momentum. This simple example shows how the study of the p2
T -dependence of

unpolarized TMDs can therefore already expose some effects due to orbital angular momentum.
Finally, we observe that in our model the average quark transverse momentum decreases as x increases, and that

down quarks on average carry less transverse momentum than up quarks. Although this is just a model result, a general
message can be derived: the widely used assumption of a flavor-independent quark transverse momentum distribution
is already falsified in a relatively simple model. The interesting results of Ref. [74] are the first one indicating that
the up and down quark indeed have different average transverse momentum, although in a way opposite to our model
(up quarks seems to carry a lower average transverse momentum compared to the down quark).

C. Longitudinally polarized parton densities

The model parameters of Tab. I produce the axial charge

gA =

∫ 1

0
dx

[

gu
1 (x) − gd

1(x)
]

= 0.966± 0.038 , (131)

in excellent agreement with the value 0.969± 0.096 deduced from the GRSV parametrization [69].
It is however evident from Fig. 4 that our description of the down quark helicity distribution is in bad disagreement

with the GRSV parametrization at large x. Nevertheless, we point out that there is a qualitative agreement with

A.B., F. Conti, M. Radici, arXiv:0807.0323



Some nice features
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with the maxima in the correct position and a somewhat too small result for the up quark at small x. It should also
be kept in mind that the present data reach at most x ≈ 0.4 [79, 80]. Moreover, the ansatz adopted in Ref. [77] does
not allow for a sign change.4

Interestingly, for the up quark the model predicts a change of sign at x ∼ 0.5. To our knowledge no other model of
transversity displays this feature (see Ref. [82] and references therein; see also recent calculation in Refs. [71, 83, 84]).
The reason for this sign change is that the contribution of the vector diquark is negative, as evident from Eq.(79). In
our model, at moderate x the scalar diquark contribution is dominant, whereas at sufficiently high x the contribution
of the vector diquark becomes in absolute size bigger, thus leading to the sign change. Other version of the diquark
model, even with vector diquarks, may not show this property. This is already evident from inspecting the results
(listed in the appendices) for different choices of the diquark polarization sum. We don’t think that our model
calculation should be trusted more than others. Nevertheless, it might be interesting to contemplate the possibility
of a sign change when choosing a form for the parametrization of the transversity function in “global fits.”

In Fig. 9, the same comparison is performed as in the previous figure, but for the pT dependence of the transversity
at x = 0.1, as it is deduced from Eq. (69). Again, there is a reasonable agreement between model predictions and

4 We point out that new fits of the transversity distribution functions have been presented at some conferences [81] but not published yet.
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Generalized parton distribution functions

H(x, ξ,∆2
T ) =

∫
d2pT

16π2

[
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)
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