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DIS and structure functions
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Inclusive DIS
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Lepton tensor
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Lepton tensor
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Lepton tensor
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Helicity vs transversity  /  circular vs linear
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Helicity vs transversity  /  circular vs linear
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Helicity conservation

ū+(−pz)γµu+(pz) ∼ (0, 1, i, 0) ū−(−pz)γµu+(pz) = 0

ū↑(−pz)γµu↑(pz) ∼ (0, cos φs,− sin φs, 0) ū↓(−pz)γµu↑(pz) = 0

p !
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Structure functions
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=
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Semi-inclusive DIS
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=
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Structure functions

dσ

dx dy dφS dz dφh dP 2
h⊥

=
α2

x y Q2

y2

2 (1− ε)

{
FUU,T + ε FUU,L +

√
2 ε(1 + ε) cos φh F cos φh

UU + ε cos(2φh) F cos 2φh
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+ λe

√
2 ε(1− ε) sin φh F sin φh

LU + SL
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√

2 ε(1 + ε) sin φh F sin φh
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]
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√
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√
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[
sin(φh − φS)
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√
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+
√
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+
√
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see e.g. AB, Diehl, Goeke, Metz, Mulders, Schlegel, JHEP093 (07)



Structure functions

dσ

dx dy dφS dz dφh dP 2
h⊥

=
α2

x y Q2

y2

2 (1− ε)

{
FUU,T + ε FUU,L +

√
2 ε(1 + ε) cos φh F cos φh

UU + ε cos(2φh) F cos 2φh

UU

+ λe

√
2 ε(1− ε) sin φh F sin φh

LU + SL

[
√

2 ε(1 + ε) sin φh F sin φh

UL + ε sin(2φh)F sin 2φh

UL

]

+ SL λe

[
√

1− ε2 FLL +
√

2 ε(1− ε) cos φh F cos φh

LL

]

+ ST

[
sin(φh − φS)

(
F sin(φh−φS)

UT,T + ε F sin(φh−φS)
UT,L

)
+ ε sin(φh + φS) F sin(φh+φS)

UT

+ ε sin(3φh − φS) F sin(3φh−φS)
UT +

√
2 ε(1 + ε) sin φS F sin φS

UT

+
√

2 ε(1 + ε) sin(2φh − φS) F sin(2φh−φS)
UT

]
+ ST λe

[
√

1− ε2 cos(φh − φS) F cos(φh−φS)
LT

+
√

2 ε(1− ε) cos φS F cos φS

LT +
√

2 ε(1− ε) cos(2φh − φS) F cos(2φh−φS)
LT

]}

FUU,T (x, z, P 2
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see e.g. AB, Diehl, Goeke, Metz, Mulders, Schlegel, JHEP093 (07)



Light-cone coordinates

Light-cone vectors will be indicated as

aµ =
[
a−, a+, aT

]
=

[
a0 − a3

√
2

,
a0 + a3

√
2

, a1, a2

]
. (1)

The dot-product in light-cone components is

a · b = a+b− + a−b+ − aT · bT (2)

The light-cone decomposition of a vector can be written in a Lorentz co-
variant fashion using two light-like vectors n+ and n− satisfying n2

± = 0 and
n+ · n− = 1 and promoting aT to a four-vector aµ

T = [0, 0,aT ] so that

aµ = a+nµ
+ + a−nµ

− + aµ
T , (3)

where

a+ = a · n−, a− = a · n+, aT · n+ = aT · n− = 0. (4)

Note that
aT · bT = −aT · bT (5)



Light-cone coordinates
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Q2 much higher than any other scalar product



Correlation functions in DIS
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Correlation functions in DIS
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Correlation functions in DIS

2MWµν(q, P, S) ≈
∑

q

e2
q

1
2
Tr

[
Φ(xB , S) γ µγ+γν

]
.

Φij(x, S) =
∫

d2pT dp− Φij(p, P, S)
∣∣∣∣
p+=xP+

=
∫
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1
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〉
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Correlation functions in SIDIS

P hP
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PP

p p

Φ

Δ

2MWµν(q, P, S, Ph) = 2zh I
[
Tr(Φ(xB ,pT , S) γ µ ∆(zh,kT ) γν)

]



Correlation functions in SIDIS
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2MWµν(q, P, S, Ph) = 2zh I
[
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]

I
[
· · ·

]
≡

∫
d2pT d2kT δ(2)

(
pT +qT−kT

) [
· · ·

]
=

∫
d2pT d2kT δ(2)

(
pT−

P h⊥
z
−kT
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Correlation functions in SIDIS

P hP
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Φ
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2MWµν(q, P, S, Ph) = 2zh I
[
Tr(Φ(xB ,pT , S) γ µ ∆(zh,kT ) γν)

]

I
[
· · ·

]
≡

∫
d2pT d2kT δ(2)

(
pT +qT−kT

) [
· · ·

]
=

∫
d2pT d2kT δ(2)

(
pT−

P h⊥
z
−kT

) [
· · ·

]

Only at low transverse momentum P 2
h⊥ ! Q2



Integrated vs unintegrated correlators

Φij(x, S) =
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Integrated vs unintegrated correlators

Φij(x, S) =
∫

d2pT Φij(x,pT )

=
∫

dξ−

2π
eip·ξ〈P, S ψ̄̄j(0)U[0,ξ] ψi(ξ) P, S

〉∣∣∣∣
ξ+=ξT =0

Φij(x,pT , S) =
∫

dp− Φ(p, P, S)
∣∣∣
p+=xP+

=
∫

dξ−d2ξT

(2π)3
eip·ξ〈P, S ψ̄̄j(0)U[0,ξ] ψi(ξ) P, S

〉∣∣∣∣
ξ+=0
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Correlation functions
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p, P, S

σµν ≡ i

2
[γ µ, γν ] .



Correlation functions

1, γ5, γµ, γµγ5, iσµνγ5

p, P, S

Hermiticity: Φ(p, P, S) = γ0 Φ†(p, P, S) γ0, (1a)

parity: Φ(p, P, S) = γ0 Φ(p̃, P̃ ,−S̃) γ0 (1b)

σµν ≡ i

2
[γ µ, γν ] .



Correlation functions

1, γ5, γµ, γµγ5, iσµνγ5

p, P, S

Hermiticity: Φ(p, P, S) = γ0 Φ†(p, P, S) γ0, (1a)

parity: Φ(p, P, S) = γ0 Φ(p̃, P̃ ,−S̃) γ0 (1b)

p̃ν = δνµpµ

σµν ≡ i

2
[γ µ, γν ] .



Correlation functions

1, γ5, γµ, γµγ5, iσµνγ5

p, P, S

Hermiticity: Φ(p, P, S) = γ0 Φ†(p, P, S) γ0, (1a)

parity: Φ(p, P, S) = γ0 Φ(p̃, P̃ ,−S̃) γ0 (1b)

p̃ν = δνµpµ

For an unpolarized target, the most general decomposition is

Φ(p, P ) = M A1 1 + A2 P/ + A3 p/ +
A4

M
σµνP µpν

where the amplitudes Ai are real scalar functions Ai = Ai(p ·P, p2) with dimen-
sion 1/[m]4.

σµν ≡ i

2
[γ µ, γν ] .



Parton distribution functions



Parton distribution functions

If we keep only the leading terms in 1/P+ (leading twist)

Φ(p, P ) ≈ P+ (A2 + xA3) n/+ + P+ i

2M

[
n/+, p/T

]
A4,



Parton distribution functions
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.



Parton distribution functions

If we keep only the leading terms in 1/P+ (leading twist)

Φ(p, P ) ≈ P+ (A2 + xA3) n/+ + P+ i

2M

[
n/+, p/T

]
A4,

Φ(x, pT ) ≡
∫

dp−Φ(p, P ) =
1
2

{
f1 n/+ + ih⊥1

[
p/T , n/+

]

2M

}
.

Here we introduced the parton distribution functions

f1(x, p2
T ) = 2P+

∫
dp− (A2 + xA3) , h⊥1 (x, p2

T ) = 2P+

∫
dp− (−A4) .



Parton distribution functions

Φ[Γ] =
1
2
Tr[ΦΓ]

Φ[γ+] = f1(x, p2
T ) ,

Φ[iσα+γ5] = −
εαρ
T pTρ

M
h⊥1 (x, p2

T )



Collinear PDFs and TMDs

Φ(x, pT ) =
1
2

{
f1 n/+ − f⊥1T

ερσ
T pTρSTσ

M
n/+ + SL g1Lγ5 n/+ − g1T

pT · ST

M
γ5 n/+

+ h1T

[
S/T , n/+

]
γ5

2
+ h⊥1s

[
p/T , n/+

]
γ5

2M
+ i h⊥1

[
p/T , n/+

]

2M

}



Collinear PDFs and TMDs

Φ(x, pT ) =
1
2

{
f1 n/+ − f⊥1T

ερσ
T pTρSTσ

M
n/+ + SL g1Lγ5 n/+ − g1T

pT · ST

M
γ5 n/+

+ h1T

[
S/T , n/+

]
γ5

2
+ h⊥1s

[
p/T , n/+

]
γ5

2M
+ i h⊥1

[
p/T , n/+

]

2M

}

Φ(x) =
1
2

{
f1 n/+ + SL g1γ5 n/+ + h1

[
S/T , n/+

]
γ5

2

}



Dirac matrices: an unusual representation

γ0 =





0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0



 , γ3 =





0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0



 ,

γ1 =





0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0



 , γ2 =





0 i 0 0
i 0 0 0
0 0 0 −i
0 0 −i 0



 ,

γ5 =





1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1







Good/Bad and Right/Left projectors

P+ = γ−γ+/2, PR = (1 + γ5)/2,

P− = γ+γ−/2, PL = (1− γ5)/2
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P+ = γ−γ+/2, PR = (1 + γ5)/2,

P− = γ+γ−/2, PL = (1− γ5)/2

PRP+ =




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

 , PLP+ =




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
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0 0 0 0
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
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0 0 0 0
0 0 0 0
0 0 1 0
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
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Good/Bad and Right/Left projectors

P+ = γ−γ+/2, PR = (1 + γ5)/2,

P− = γ+γ−/2, PL = (1− γ5)/2

PRP+ =





1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0



 , PLP+ =





0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0



 ,

PRP− =





0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1



 , PLP− =





0 0 0 0
0 0 0 0
0 0 1 0
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


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In x-transversity basis

Φγ0 =





f1 − py

M h⊥1 ipx

M h⊥1 0 0

−ipx

M h⊥1 f1 + py

M h⊥1 0 0

0 0 0 0

0 0 0 0





∼ ψi P
〉〈

P ψ†
j

↑ ↓

↑

↓
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TMDs in black survive transverse‐momentum integra6on
TMDs in red are T‐odd

quark pol.

U L T
nu

cl
eo

n
po

l.
U f1 h⊥1

L g1L h⊥1L

T f⊥1T g1T h1, h⊥1T

Twist-2 TMDs
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Unpolarized sector

FUU,T = C
[
f1D1

]
,

FUU,L = O
(

M2

Q2
,
q2
T

Q2

)
,

F cos φh

UU =
2M

Q
C
[
− ĥ ·kT

Mh

(
xh H⊥

1 +
Mh

M
f1

D̃⊥

z

)
− ĥ ·pT

M

(
xf⊥D1 +

Mh

M
h⊥1

H̃

z

)]
,

F cos 2φh

UU = C
[
−

2
(
ĥ ·kT

) (
ĥ ·pT

)
− kT ·pT

MMh
h⊥1 H⊥

1

]
,

C
[
wfD

]
=

∑

a

xe2
a

∫
d2pT d2kT δ(2)

(
pT−kT−P h⊥/z

)
w(pT ,kT ) fa(x, p2

T ) Da(z, k2
T ),



Longitudinally polarized beam or/and target

F sin φh
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Q
C
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Mh

(
xe H⊥

1 +
Mh

M
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M
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M
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Ẽ

z
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Q
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ĥ ·kT

) (
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Transversely polarized beam

F sin(φh−φS)
UT,T = C

[
− ĥ ·pT

M
f⊥1T D1

]
,

F sin(φh−φS)
UT,L = O

(
M2

Q2
,
q2
T

Q2

)
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UT = C
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− ĥ ·kT

Mh
h1H

⊥
1

]
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F sin(3φh−φS)
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[
2

(
ĥ ·pT

) (
pT ·kT
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+ p2

T

(
ĥ ·kT
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− 4 (ĥ ·pT )2 (ĥ ·kT )
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(
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Trasversely pol. target and long. pol. beam
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ĥ ·pT

M
g1T D1

]
,

F cos φS

LT =
2M

Q
C
{
−

(
xgT D1 +

Mh

M
h1

Ẽ
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ψ(ξ)→ eiα(ξ) ψ(ξ)

U(ξ1, ξ2)→ eiα(ξ1) U(ξ1, ξ2) e−iα(ξ2).

U[a,b] = P exp
[
−ig

∫ b

a
dηµAµ(η)

]

Φij(p, P, S) =
1

(2π)4

∫
d4ξ eip·ξ〈P, S ψ̄̄j(0)U[0,ξ] ψi(ξ) P, S

〉

Φij(p, P, S) =
1

(2π)4

∫
d4ξ eip·ξ〈P, S ψ̄̄j(0)ψi(ξ) P, S

〉



Birth of the gauge link
The gauge link 45

P

k − Pk − l − P

q

l

k − l

p − l

k

P

k − Pk − l − P

q

p − l − l′ l l′

(a) (b)

Figure 4.2. Examples of graphs contributing to the gauge link.

The formula for the hadronic tensor closely resembles the one we obtained for inclusive DIS, but
now with the unintegrated correlation function, i.e.

2MWµν(q, P, S , Ph) = 2 Tr
(

Φ(xB, pjT , S ) γµ γ+ γν
)

. (4.13)

Let’s take a look at the first diagram of Fig. 4.2 . We could write it as

2MW (a)µν ∝
∫

dp− d4l Tr
(

γα
/k −/l + m

(k − l)2 − m2 + iε γνΦ
α
A(p, p − l)γµ (/k + m)

)

∣

∣

∣

∣

∣

k=p+q

(4.14)

where we introduced

ΦαAi j(p, p − l) =
∫ d4ξ
(2π)4

d4η
(2π)4 e

ip·ξ eil·(η−ξ)〈P, S ψ̄̄i(0) gAα(η)ψ j(ξ) P, S
〉 (4.15)

so that

2MW (a)µν ∝
∫

dp− dl+ d2 lT
∫ d4ξ
(2π)4

dη− d2ηT
(2π)3 eip·ξei l·(η−ξ)

× 〈P, S |ψ(0)γµγ+γα
/k −/l + m

(k − l)2 − m2 + iε γνgA
α(η)ψ(ξ)|P, S 〉

∣

∣

∣

∣

∣

∣

η+=0
,

(4.16)

where Φα
A
is made explicit, the l− integrations is performed. In the expression after the second

equal sign, it is understood that p+ = x P+.
The quark propagator reads explicitly

i /k −/l + m

(k − l)2 − m2 + iε ≈ i
(/k + m) − γ− l+ −/lT

−2 l+ k− − (kT − lT )2 − m2 + iε
. (4.17)

In the eikonal approximation, we took into consideration only the term k−γ+ in the numerator.
Less obvious is the fact that there is another contribution, namely from the /lT term, which turn out
to be present only at l+ = 0. Let’s start first from the first kind of contribution. We approximate
then the propagator with the standard eikonal propagator, see Eq. (3.12)

i /k −/l + m

(k − l)2 − m2 + iε ≈
i
2
γ+

−l+ + iε . (4.18)

2MW (a)
µν ∼ 〈P, S|ψ(0)γµγ+γα

k/− l/ + m

(k − l)2 −m2 + iε
γνgAα(η)ψ(ξ)|P, S〉

∣∣∣∣
η+=0

Ji, Yuan, PLB 543 (02);  Belitsky, Ji, Yuan, NPB656 (03)



Birth of the gauge link
The gauge link 45

P

k − Pk − l − P

q

l

k − l

p − l

k

P

k − Pk − l − P

q

p − l − l′ l l′

(a) (b)

Figure 4.2. Examples of graphs contributing to the gauge link.

The formula for the hadronic tensor closely resembles the one we obtained for inclusive DIS, but
now with the unintegrated correlation function, i.e.

2MWµν(q, P, S , Ph) = 2 Tr
(

Φ(xB, pjT , S ) γµ γ+ γν
)

. (4.13)

Let’s take a look at the first diagram of Fig. 4.2 . We could write it as

2MW (a)µν ∝
∫

dp− d4l Tr
(

γα
/k −/l + m

(k − l)2 − m2 + iε γνΦ
α
A(p, p − l)γµ (/k + m)

)

∣

∣

∣

∣

∣

k=p+q

(4.14)

where we introduced

ΦαAi j(p, p − l) =
∫ d4ξ
(2π)4

d4η
(2π)4 e

ip·ξ eil·(η−ξ)〈P, S ψ̄̄i(0) gAα(η)ψ j(ξ) P, S
〉 (4.15)

so that

2MW (a)µν ∝
∫

dp− dl+ d2 lT
∫ d4ξ
(2π)4

dη− d2ηT
(2π)3 eip·ξei l·(η−ξ)

× 〈P, S |ψ(0)γµγ+γα
/k −/l + m

(k − l)2 − m2 + iε γνgA
α(η)ψ(ξ)|P, S 〉

∣

∣

∣

∣

∣

∣

η+=0
,

(4.16)

where Φα
A
is made explicit, the l− integrations is performed. In the expression after the second

equal sign, it is understood that p+ = x P+.
The quark propagator reads explicitly

i /k −/l + m

(k − l)2 − m2 + iε ≈ i
(/k + m) − γ− l+ −/lT

−2 l+ k− − (kT − lT )2 − m2 + iε
. (4.17)

In the eikonal approximation, we took into consideration only the term k−γ+ in the numerator.
Less obvious is the fact that there is another contribution, namely from the /lT term, which turn out
to be present only at l+ = 0. Let’s start first from the first kind of contribution. We approximate
then the propagator with the standard eikonal propagator, see Eq. (3.12)

i /k −/l + m

(k − l)2 − m2 + iε ≈
i
2
γ+

−l+ + iε . (4.18)

2MW (a)
µν ∼ 〈P, S|ψ(0)γµγ+γα

k/− l/ + m

(k − l)2 −m2 + iε
γνgAα(η)ψ(ξ)|P, S〉

∣∣∣∣
η+=0

i
k/− l/ + m

(k − l)2 −m2 + iε
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k−γ+

−2l+k− + iε
≈ i

2
γ+

−l+ + iε

Ji, Yuan, PLB 543 (02);  Belitsky, Ji, Yuan, NPB656 (03)
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where Φα
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equal sign, it is understood that p+ = x P+.
The quark propagator reads explicitly
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In the eikonal approximation, we took into consideration only the term k−γ+ in the numerator.
Less obvious is the fact that there is another contribution, namely from the /lT term, which turn out
to be present only at l+ = 0. Let’s start first from the first kind of contribution. We approximate
then the propagator with the standard eikonal propagator, see Eq. (3.12)
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Figure 4.2. Examples of graphs contributing to the gauge link.

The formula for the hadronic tensor closely resembles the one we obtained for inclusive DIS, but
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